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Bend elasticity of mixtures of V-shaped molecules in ordinary nematogens
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Freedericksz measurements were performed on mixtures of a nematic mesogen and a V-shaped molecule.
The bend elastic constant was found to decrease significantly with increasing concentration of the V-shaped
molecule. The results are discussed theoretically, taking into account the detailed structure of the molecules.
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When a uniformly oriented nematic that is composed
rigid rods is subjected to a bend stress, the system relaxe

that n̂3(¹W 3n̂)Þ0W , wheren̂ is the nematic director. How
ever, it has been suggested theoretically and demonstr
experimentally in at least two systems@1,2# that if the nem-
atogen has an intrinsically bent shape, the associated
elastic constantK33 is reduced relative to that expected for
straight mesogen. It is believed that this occurs because
bend stress is relaxed not only by a macroscopic bend
tortion in the sample, but also by a rotation of the molecu
as well. For a dimer with a bent spacer,K33 is reduced by
20–40 % from values typical of nearly linear, low molecul
weight liquid crystals@1#. For a bent dendrimer the reductio
is far more substantial, withK33 reduced by nearly two or
ders of magnitude@2#. We believe that the excessive redu
tion of K33 for the dendrimer is because of hindered inter
rotations, locking in the bent conformation of the molecu
For the dimer, rotations in the spacer group are relativ
free, and thus the molecule’s average shape, particularl
the nematic phase, is only slightly bent. To gain more insi
into the phenomenon, we have sought better control of be
In principle, this can be accomplished either via some ex
nal or thermal control of the average shape of the molecu
or by introducing a known concentration of bent mesog
into a nematic that is formed from ordinary, linear mo
ecules. Unfortunately, control of shape is very difficult, a
the bent dendrimer is immiscible in a wide variety of lo
molecular weight liquid crystals. Thus, we instead dissolv
small amounts of a bent, V-shaped molecule into an ordin
nematic liquid crystal. Although most of the attention ga
nered by~achiral! V-shaped molecules is related to their ab
ity to form chiral phases@3–5#, appropriate V-shaped mol
ecules provide a dopant with a high degree of expec
average bend. When dissolving quantities of up to 11%
weight of the V-shaped molecule 1,3-phenylene bis@4-~4-
heptyl phenyliminomethyl benzoate#, ~P-7PIMB! 1 ~see
scheme I! into 4-butoxybenzylidene-4-octylaniline~4O.8!,
PRE 621063-651X/2000/62~4!/5056~8!/$15.00
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we observed a systematic and marked decrease ofK33 from
its value in pure 4O.8. This result indicates that the be
stress may be easily relieved by a rotation of a small num
of bent molecules.

Attempts were made to dissolve P-7PIMB into seve
different classes of low molecular weight linear mesogens
most cases, the P-7PIMB was found to be immiscible.
were successful, however, in dissolving a small amount~up
to about 11% by weight! in 4O.8, which has a negative d
electric anisotropy and a relatively small transverse dip
moment. Our supply of 4O.8 was synthesized a numbe
years ago by the Harvard group, and used without furt
purification after cold storage. Four different mixtures we
prepared: 0, 4.0, 7.9 and 10.8 % by weight P-7PIMB in 4O
Mixtures of the two species were found to produce a nem
phase that is only metastable. For low concentrations
P-7PIMB, the nematic phase was often metastable for ho
at higher concentrations~;10%! of the V-shaped mesoge
the onset of phase separation occurred on much shorter
5056 ©2000 The American Physical Society
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scales, typically of order 1 h. For even higher concentratio
of order 13% P-7PIMB, phase separation occurred on s
rapid time scales that it was impossible to complete a se
elastic constant measurements. We therefore limited the
centration to 10.8% by weight of P-7PIMB.

The bend elastic constantK33 was determined via the
Freedericksz transition technique@6#, wherein a uniformly
aligned sample undergoes a bend distortion above a thr
old voltageVth5AK33/D«, whereD« is the dielectric anisot-
ropy of the liquid crystal. To examine the Freedericksz tra
sition, several pairs of indium-tin-oxide coated glass slid
were cleaned and coated with the surfactant hexadecylt
ethylammonium bromide~HTAB! to promote homeotropic
orientation. The slides were placed together, separated
Mylar spacers of nominal thickness 25mm, and cemented a
the edges to create a cell. The actual thickness of each
was determined using an optical interference scheme@7#.
The cells were then filled with a given mixture o
P-7PIMB14O.8 in the isotropic phase and cooled slow
into the nematic phase. Phase separation at the transition
observed, such that the temperature range of the biph
region was larger for higher concentrations of P-7PIMB.
given cell was placed between crossed polarizers, and
from a 5 mWHe-Ne laser passed through the polarizer,
cell, the analyzer, and into a detector. The sample was dr
with an ac voltage at frequency 1 kHz, whose amplitude w
ramped from just below the Freedericksz thresholdVth to
well aboveVth in 120 s. The intensity of the light was com
puter recorded. Measurements were made at several tem
tures in the nematic phase for each concentration, althoug
temperatures near the transition, phase separation precl
us from obtaining useful data. Figure 1 shows the thresh
voltage for all four concentrations at several different te
peratures below temperatureTb , whereTb corresponds to
the onset of the biphasic region on cooling from the isotro

FIG. 1. Freedericksz threshold voltage vs concentration at t
peraturesTb2T52 °C ~j!, 3 °C~d!, 4 °C~m!, 5 °C ~.!, 6 °C~l!.
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phase. As is typical for electric field elasticity measuremen
the threshold voltageVth is only weakly dependent on tem
perature.

In order to determineK33 from measurements ofVth , we
needed to determine the dielectric anisotropy,D«5«'

2« i , where«' and « i are the dielectric constants parall
and perpendicular to the director, respectively. For each c
centration, we prepared a parallel plate capacitor cell fr

-

FIG. 2. Dielectric constant measurements vs temperature
10.7% sample.

FIG. 3. Dielectric anisotropyD« vs T2Tb . ~j! represents the
0% sample,~d! the 4.0% sample,~m! the 7.9% sample, and~.!
the 10.8% sample.
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5058 PRE 62DODGE, ROSENBLATT, PETSCHEK, NEUBERT, AND WALSH
indium-tin-oxide coated glass coated with the surfact
hexade-cyltrimethylammonium bromide. The overlap area
the electrodes was approximately 7 mm37 mm, and the
nominal cell thickness was 25 mm. The capacitance of
empty cell was measured as a function of temperature wi
high precision capacitance bridge, Andeen-Hagerling mo
2500, using a 125 mV ac at 1 kHz. The cell was filled w
the liquid crystal mixture and the capacitance of the cell w
again measured, such that the temperature-dependent d
tric constant was taken to be the ratio of the filled to em
cell capacitance at that temperature. In the isotropic ph
this ratio corresponds to« iso, the isotropic dielectric con-
stant. In the nematic phase, this ratio is« i . Figure 2 shows
an example of the results, in this case for a concentratio
10.8%. The temperature-dependent dielectric anisotropyD«
was extracted by extrapolating« iso into the nematic phase
and using the relationshipD«5 3

2(« i2« iso). Note that«'

was not determined explicitly owing to our inability t
achieve good planar alignment at higher concentrations
P-7PIMB. Figure 3 showsD« vs T2Tb for all four mixtures.

Having obtained the Freedericksz threshold voltages
dielectric anisotropies, we calculatedK33 vs concentration
and temperature, which is shown in Fig. 4. From these
sults it is clear the elasticity decreases very substantially w
increasing concentration, even at small concentrations
P-7PIMB. In order to make a more meaningful comparis
among concentrations, it is preferable to normalize the
sults to the temperature-dependent nematic order parameS
by taking the ratioK33/S2. Ordinarily, we would takeS
}D«. However, for these mixtures this is an inappropria
procedure because of the small negative dielectric anisot
of 4O.8. As P-7PIMB is significantly more polar than 4O.
small changes in P-7PIMB concentration result in large fr

FIG. 4. K33 vs T2Tb . ~j! represents the 0% sample,~d! the
4.0% sample,~m! the 7.9% sample, and~.! the 10.8% sample.
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tional changes inD«, making comparisons at different con
centrations difficult. Instead, because the optical polariza
ity anisotropy of 4O.8 is similar to that of one of the arms
P-7PIMB, and the birefringenceDn scales approximately a
S for small S, we measured the ordinary and extraordina
refractive indicesno andne of the mixtures as a function o
temperature using an Abbe refractometer at wavelength 5
Å. We show the ratioK33/Dn2 in Fig. 5. Note thatK33/Dn2

for the two middle concentrations are apparently about
same, although we believe that this is an artifact. Nevert
less, it is clear that there’s a substantial decrease ofK33, of
order 40%, as the P-7PIMB concentration increases from
to 10.8 %. This change is real, and is much larger than wo
reasonably be expected.

It should be remarked that in simple models that pred
K33}S2 ~independent of concentration!, both the birefrin-
gence and the dielectric constant should be proportional tS,
and hence to each other at each concentration. We see
Fig. 5 that such simple models cannot be completely corr
Nevertheless, the ratioK33/Dn2 varies appreciably more
slowly with temperature thanK33 itself and, in any case, the
data has also been plotted as a function ofT2Tb . ~Note that
because of error compounding we are not completely cer
that the sign of the slopes ofK33/Dn2 vs T2Tb are correct.!
We believe that accounting in this way for the change
transition temperature should explain much of the variat
in the bend elastic constant due to the change in the or
parameter environment. Thus, our experimental data cle
demonstrate that the bent mesogens significantly affect
bend elastic constant of the nematic mixture.

Before examining theoretically the possible effects
bend in these molecules, we first discuss the effects that
chemical structure, impurities, and conformers may have
the shape of the molecule. The material was synthesized
ing the procedures shown in scheme I. Great care was ta

FIG. 5. K33/Dn2 vs T2Tb . ~j! represents the 0% sample,~d!
the 4.0% sample,~m! the 7.9% sample, and~.! the 10.8% sample.



ha
e

re
o
ha
th

a
e
-
a
on
fe
o

an
B

ve

o
ial

i

e
nd
s
P

i
en
.g

a

he
n-
he

ys
d

d
e
na

-
e
tial
the

to
nts.

osi-
ing
e

ions

f a

ds
the
re
or-

that
ap-

ura-
the
e-

-

the

s
of

im-
nt

pan-
its
ed
er
that
se

.
c-

m
th

PRE 62 5059BEND ELASTICITY OF MIXTURES OF V-SHAPED . . .
to ensure purity, and we estimate total impurities of less t
0.3 wt%. A discussion of the synthesis and physical prop
ties of the pure material will be given elsewhere@8#. Addi-
tionally, all likely contaminants, e.g., 3–5 in scheme I, a
less bent than the desired product: Primarily, they result fr
incomplete esterification or anil formation reactions, so t
at least one of the ‘‘arms’’ is shortened, thereby making
molecule~within the context of the discussion below! appre-
ciably less bent. We do not believe that the specific inter
tions of the functional groups at the ends of these mesog
are likely to be sufficiently strong to form molecular com
plexes or other interacting molecular associations that
effectively more bent. Thus, insofar as there may be c
taminants, we do not believe that they can explain the dif
ence between our experimental and theoretical results, t
described below.

We shall consider the conformation in which there is
approximately 120° bend at the center of the P7-PIM
molecule—at the meta substituted phenyl that is deri
from metaresorcinol~meta dihydroxyphenyl.! For reasons
discussed below, we suppose that the rigid part of the m
ecule that is attached to the meta position is essent
straight, and that the alkyl chain attached thereto can be
nored. The alkyl chains of all mesogens are expected to
bent relative to the rigid segments to which they are attach
However, this bend is ubiquitous in liquid crystals, a
therefore is not expected to explain the significant change
bend elastic constant observed on doping 4O.8 with
PIMB. Some effects might be expected from this bend
there were a relationship between the direction of this b
and the direction of the bend in the center of P7-PIMB, e
if they were always perpendicular. However, there are
large number of semiflexible bonds that make it unlikely th
any such correlation is important.

Both the ester~OOC! and anil~CHN! linkages in the rigid
part of the molecule have some flexibility. Specifically t
phenyl-oxygen ‘‘single’’ bond can have highly bent co
formers. However a detailed analysis, presented elsew
@8#, suggests that this is not the case.

Thus, given the crudeness of most models for liquid cr
talline elastic constants, we feel that it is reasonable to mo
our dopant as two rigid segments of a molecule attache
each other through a bend ofg5120°. We shall describe th
orientation of such a molecule by using the two orthogo

FIG. 6. Schematic representation of molecular configurationû
and v̂ are unit vectors,L is the distance from the point of interse
tion to the center of the rod, andg is the bend angle of theV-shaped
mesogen. Dotted mesogen illustrates a host mesogen in the
sogen in a position, the interactions of which are overcounted by
independent rod approximation.
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unit vectorsû and v̂, shown in Fig. 6. The effective interac
tions of this molecule with the liquid crystal medium will b
modeled via an orientation-dependent interaction poten
between the rigid segments of the bent molecule and
surrounding liquid crystal. This interaction will be taken
be the sum of the interactions of the two separate segme
We first consider these interactions integrated over all p
tions and averaged over the orientations of the surround
liquid crystal. For simplicity, we shall take this to be of th
Maier-Saupe form, viz.,

Uhd
m f u5JhdH F n̂•S û sin

g

2
1 v̂ cos

g

2D G2

1F n̂•S û sin
g

2
2 v̂ cos

g

2D G2J
52JrhSF ~ n̂•û!2 sin2

g

2
1~ n̂• v̂ !2 cos2

g

2 G . ~1!

Here the two terms on the right-hand side are the interact
of the two separate rods in the bent mesogen,Jrh is a char-
acteristic interaction strength between one of the rods o
dopant~P-7PIMB! molecules and a host molecule andn̂ is
the liquid crystal director. The approximation that the ro
act independently likely overstates the effective bend of
molecule. Specifically, if we consider the strong hard-co
interactions between the molecules, e.g., by modeling p
tions of the molecule as hard cylinders, it is easy to see
configurations in which a host molecule that is oriented
proximately parallel toû and located in the middle of the
‘‘V’’ of the dopant molecule will result in two intersections
between the host molecule and the dopant. This config
tion cannot actually occur, and should be excluded from
allowed configurations. However, the assumption of ind
pendently interacting rigid rods excludes it not once~as is
appropriate!, but twice. Thus, a two-rod interaction that fa
vors alignment of the host molecules parallel toû, i.e., that
adds this configuration back in once, should be added to
independent ring interaction.

We shall first find the order parameters associated withûû
and v̂ v̂, as the combinationûv̂ clearly has zero average. A
integration of the related Boltzmann factor and calculation
the relevant order parameters is quite difficult, we shall s
ply expand the Boltzmann factor to first order in its argume
and calculate the order parameter assuming that this ex
sion is correct. The integral to be performed, along with
prefactors, is then identical to that which must be perform
in order to calculate with identical assumptions the ord
parameter in the pure host. We shall therefore assume
this integral is the order parameter of the host. With the
assumptions these integrals yield

Sû5 K 3

2
~uzuz!2

1

2L 522K 3

2
~uxux!2

1

2L
522K 3

2
~uyuy!2

1

2L 5
T1

TNI
SS 1

2
1

3

2
cosg D , ~2!
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e



h
gr
w
n
p

o
il-
. O
le
e
g
te
s

-
hi
ay
th

e
en

th
tr
t b
lcu

nt

er
t
m
c
o

th
a

ien
n

th
-

rk
e
g

th

t in
ial:
ity
of

l to

d a
d to
ns

for

he
d
tic
ese
an
that
la-
ol-
pant

der
the

ost
nta-
not

on

the
t

the
ri-
t in
uld

ex-
the
t-
ld.
the
tive:
di-
r-

order

the
ese
bu-
s in

s are
-
ch
ature

5060 PRE 62DODGE, ROSENBLATT, PETSCHEK, NEUBERT, AND WALSH
Sv̂5 K 3

2
~vzvz!2

1

2L 522K 3

2
~vxvx!2

1

2L
522K 3

2
~vyvy!2

1

2L 5
T1

TNI
SS 1

2
2

3

2
cosg D . ~3!

HereT15TNIJrh /Jhh , whereTNI is the nematic-isotropic
transition temperature of the pure host andJhh is the Maier-
Saupe interaction parameter between host molecules. W
more exact answers could be obtained by numerical inte
tion, or by expanding the exponential to higher order,
believe that the simple analytic approach gives understa
able, semiquantitative results that are of accuracy com
rable to the model from which they were obtained. TheSû
order parameter describes the extent of alignment of the m
ecule with theû axis alongn̂, and so increases the probab
ity of orientations that decrease the bend elastic constant
the other hand,Sv̂ describes the extent to which the molecu
aligns with its apex (v̂) along the director, and therefore th
extent to which the molecule should be considered a wed
i.e., it describes the extent to which the molecule is expec
to decrease the splay elastic constant. All other average
traceless symmetric tensors that are bilinear inû and v̂ are
zero. Note that insofarSû as is large, this molecule is ori
ented in such a way as to promote bend distortions, w
insofar asSv̂ is large, this molecule is oriented in such a w
as to promote splay distortions of the system. We expect
the independent rod approximation will underestimateSû
and overestimateSv̂ . Also note that, to lowest order, thes
order parameters have the same temperature depend
which would predict that the temperature dependence
various anisotropic tensors in the mixture should be
same. This is not observed experimentally for the dielec
anisotropy and birefringence measurements, nor would i
predicted theoretically on the basis of a higher order ca
lation.

Simple mean-field calculations of the elastic consta
have been performed for lyotropic@9# and thermotropic@10#
liquid crystalline monomers, as well as polymers, dim
@11# and other structures. These calculations assume tha
only correlations between molecules are the result of so
underlying and unchanging ‘‘hard sphere’’ correlation fun
tion, or are the result of either their direct interactions or
their interaction with the mean field. Gelbart showed@10#
that the configurational entropy does not contribute to
elastic constants, and gives the elastic constant as the ch
in the average energy. Thus, to second order in the grad
of the director, the elastic constants correspond to the cha
of

DF5
1

2 (
i j

r ir j^Ui j
eff&. ~4!

Herer i is the density of particles of typei and the average
is over both molecular orientations and the separations of
molecular centers andUi j

eff is the effective interaction be
tween molecules of typesi and j. We will assume that thea
priori likelihood of all separations is the same. Prior wo
we have cited deals with pure compounds, not mixtur
However, all this implies is that it is necessary to avera
over the type of molecule as well as the orientation of
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molecule. As we discuss below in the situations of interes
this paper the average over the types of molecules is triv
It simply requires replacing the total density with the dens
of particles of a given type and summing over the types
molecules. The effective potential is approximately equa
the temperature times the Mayerf function @10#, incorporat-
ing both the temperature times a hardcore repulsion an
Van der Waals attraction. Here the averages are assume
be taken with respect to independent probability distributio
for the two separate particles. The probability distribution
each type particle is given by

Pi;exp~2Ui
m f/kBT!, ~5!

where

Ui
m f5(

j
r j^Ui j

eff& ~6!

and in Eq.~6! the average is only over the separation of t
molecular centers and the orientation of the particle labelej.

It is not our intent to analyze this equation or the elas
constants in their entirety: rather we want to examine th
equations heuristically to see if they plausibly contain
explanation for the large change in bend elastic constant
has been observed experimentally. To simplify the calcu
tion we shall assume that there are only two types of m
ecules: the host and the dopant. We suppose that the do
concentration is small, and consider only effects to first or
in the concentration of the dopant. This is consistent with
experimental situation.

We shall also assume that the interactions of the h
molecules are unchanged by a change in sign of the orie
tion of the host. This is to say that these interactions do
involve steric~or other! dipoles. This is in contrast to the
interactions of the bent dopant, which do change up
change of the sign of an orientation (v̂) of the molecule. It is
known that this implies that the mean-field potential and
probability distribution for the host will not change to firs
order in the gradients of the director, as a gradient of
director implies a field that is odd under reversal of an o
entation. It is also the steric and other dipoles that resul
the usual claims that bent/splayed/twisted molecules sho
have smaller bend/splay/twist elastic constants than ‘‘
pected.’’ That is to say, in the presence of a gradient in
director, a molecule with dipolar interactions will orient i
self by an amount proportional to the gradient in the fie
The resulting change in the free energy is proportional to
square of the degree of reorientation, and is always nega
A bent molecule reorients in such a way as to make ad
tional bend in the direction of an initial bend easier. Alte
natively this can be seen as a consequence of second
perturbation theory.

Our goal is to understand approximately the change in
free energy given a spatial variation in the director and th
approximations. There are a number of possible contri
tions to the elastic constants. First, there can be change
the mean field as a function of temperature. Such change
difficult to predict—ab initio calculations of transition tem
peratures are very difficult. However we believe that su
changes are adequately modeled by rescaling the temper
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and direct measurement of comparison with the order par
eter. Hence they will not be considered further. Second,
chemical potential of the particles can change in respons
the spatial variation in the director. This would likely resu
in much larger changes in the densities and, in conseque
in the elastic constant in a mixture than in a pure fluid. Ho
ever, except in the case of a chiral molecule and a tw
elastic deformation, there are no linear couplings betw
gradients of the director and the density of a molecule. T
dopant molecule is nonchiral and, in consequence, there
no such linear couplings. Such changes, moreover, are li
to be small, given that helical twisting powers are typica
small. Hence, such changes are irrelevant to this paper
will not be further considered: Equivalently only the orie
tation dependent changes inUm f will be considered.

Next, there will be changes in bothUm f and the average
of the interaction potential that are proportional to the pro
uct of two gradients (] inj]knl) and the second gradient o
the director (] i] jnk). At the order to which we are working
there are two changes in these terms. First there is a ‘‘d
tion’’ term for the host-host interaction: The total density
matter is expected to remain approximately constant so
dition of the dopants implies a smaller density of the h
and fewer host-host interactions. Second there is a h
dopant interaction. Both terms are difficult to calculate. T
dilution term is expected to make a negative contribut
which is expected to be canceled~probably more than can
celed! by the contribution from the dopant. The dopa
should make positive contributions that, because the do
is physically larger, are likely to be larger~for the same order
parameter!. Thus these two terms are likely to approximate
cancel each other or, if anything, increase the elastic c
stant. As we are attempting to explain a seemingly la
decrease in the elastic constants we will also ignore th
terms below. In any case, this difference depends on a n
ber of parameters which are clearly distinct from those
which the terms we will calculate depend, and so this diff
ence can reasonably be considered to be a model param

Finally, there can be orientation-dependent changes
Um f proportional to the gradient of the director provided t
potential itself is not changes when one of the orientation
the molecule~dopant! changes sign. Because the gradient
the director is odd under inversion, unless the interact
potential is also odd the average of Eq.~6! cannot depend on
the gradient. Given our assumption that the interactions
the host molecules are centrosymmetric, we then see
there will be no change inUm f for the host. There are in
principle two changes inUm f for the dopant, one due to
host-dopant and the other due to dopant-dopant interacti
The latter is small for small concentration of dopant, and w
be ignored. We will concentrate our efforts on calculati
the change in the elastic constants related to these cha
associated with the changes in the orientational distribu
of the dopant, e.g., related to this term in the free energy

In order to model the change in the elastic constants,
necessary to model the position-dependent interactions o
molecules. If we are considering effects that are linear in
concentration of the dopant, it is adequate to consider
interactions of the host with the dopant, and not necessar
consider interactions between dopant molecules. We s
suppose that the interactions of the bent molecule can
-
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taken as the sum of the interactions of the two mesogens
centers of which are separated by a distance 2 sin(g/2)L
along the directionû. We then assume that the interactio
energy of a dopant molecule with the remainder of the s
tem is given by a sum of two effective interaction potentia
each due to one of the rods,

Uhd
eff5U rod

eff H F n̂~rW !•S û cos
g

2
1 v̂ sin

g

2D G2

;rW2Lû sin
g

2J
1U rod

eff H F n̂~rW !•S û cos
g

2
2 v̂ sin

g

2D G2

;rW1Lû sin
g

2J .

~7!

Here n̂(rW) is the director a vector distancerW from the
center of the V shaped molecule. The interactionU rod

eff has
been taken to be a function of the square of the cosine of
angle between the rigid rod segments of the molecules.
also a function of the separation between the centers of
rods in the V-shaped molecule, located atrW r5
6ûL sin(g/2), and the centers of the molecules with which
interacts, which are atrW. It is also convenient to assume th
the effective interactionU rod

eff is proportional to the interac
tion potential between host molecules, and is independen
the sign of its argument: that is that the only steric dipole
the interaction between the host and the dopant is the
shape of the molecule. This is a ‘‘harmless’’ assumption
the rod has this symmetry and/but a steric dipole, a sm
change in the definition of the center of the rod will obvia
the steric dipole.

With all these assumptions it is easy to calculateUm f for
the dopant to first order in the gradient of the director.
particular the constant term is simply that given in Eq.~1!.
The term proportional to the gradient of the director is eas
calculated by considering the averages over the two sepa
rods forming the dopant separately. These integrals do
contain steric or other dipoles so that they are independen
the gradients of the order parameter, provided that the o
parameter is taken to be at the center of each rod. He
these integrals, to linear order in the gradients, can be ta
to depend on the gradients only indirectly through the dir
tor at the center of the rod. Then expanding the directo
the center of each rod in terms of the director at the cente
the dopant and the gradient at the center of the dopant yi

Ud
m frh^Uhd

eff&5Uhd
m f u1DUhd

l , ~8!

where

Uhd
l 5JhdSLsin

g

2 H F n̂•S û sin
g

2
1 v̂ cos

g

2D
3û•¹n̂•S û sin

g

2
1 v̂ cos

g

2D G
2F n̂•S û sin

g

2
2 v̂ cos

g

2D
3û•¹n̂•S û sin

g

2
2 v̂ cos

g

2D G J
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5JhdSLsin
g

2
sing~ n̂• v̂û•¹W n̂•û1n̂•ûû•¹W n̂• v̂ !.

~9!

Given this form we now need to calculate the change inF,
given by Eq. ~3!, that is a calculation of the change
rdrh^Uds

eff&. The average over the orientation of the host m
ecule is exactly the average performed to find the~gradient
dependent! mean field of the dopant yieldingrd^Ud

m f&.
Again, this average is independent of the direction of
director so that we can calculate the change inF simply by
expanding inDU to obtain the change as

2
1

2
rd^~DUd

m f!2/kBT&0 . ~10!

Here the average is taken with respect to the dopant orie
tion with the mean field potential that it would have in th
uniform case. As previously remarked, this will decrease
elastic constants. Substituting Eq.~8! into Eq.~9! we see that
it is necessary to calculate the tensor average^ûûûûv̂ v̂&. In
so doing we will ignore the Boltzmann factor: this aga
allows the analytic calculation of qualitative results. The a
erage is then easily calculated. With these assumptions
find for the bend, splay, and twist, elastic constants

DK33;2
29

105
rd~Jrh

2 /kBT!S2S L sin
g

2
sing D 2

,

DK11;2
8

35
rd~Jrh

2 /kBT!S2S L sin
g

2
sing D 2

,

DK22;2
2

21
rd~Jrh

2 /kBT!S2S L sin
g

2
sing D 2

. ~11!

Many of these terms are intuitive, do not require detai
calculation, and are expected to be more general. Spe
cally, rd is the density of dopants, so that the energy
interaction of such dopants with the background is prop
tional to SJrh . Similarly the magnitude of the reorientatio
of the dopants by a spatially varying director is proportion
to SJrh /kBT. The quantity@L sin(g/2)#2 is the square of half
the distance between the two centers of force in the b
molecule, which is the important length in determining t
steric dipole which results in the changes we have calcula
in the elastic constants. The factor sing results from the fact
that nematic rods interacting via a potential proportional
the square of the angle between them exert a maxim
torque when one is at 45° with respect to the other rod
exert no torque at either 0° or 90°. Thus, wheng is 90°
degrees, the applied torque is largest; wheng is 0° or 180°
the molecule is straight and does not exert appropr
torques.
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This leaves only the numerical factors, which must
calculated, to be explained. As discussed above, this ca
lation needs either to be a detailed numerical calculation
to involve simplifying assumptions. We chose to make si
plifying assumptions and found results that are small co
pared to unity. However, some general statements can
made. These are averages of sums of various dot produc
the unit vectorsn̂, û, and v̂. It is clear, therefore, that they
cannot exceed the maximum value that these products
assume. This maximum, for the bend elastic constant
unity and is achieved only when the order parameters
Sû51 andSv̂52 1

2 . In more realistic cases whereSû is posi-
tive andSv̂ is negative~e.g., the bent molecules are oriente
in such a way as to favor bend but are generally not orien
so as to favor splay!, we believe that the numerical factor fo
the bend constant has been somewhat underestimated
those for the splay and twist constants have been some
overestimated.

Examination of these formulas suggests that our theor
cal results for the change in the bend elastic constant is
to two orders of magnitude smaller than the actual measu
change. This is less serious than might appear at first s
as two of our approximations, viz., the rotational avera
taken without the appropriate Boltzmann factor and the
of 2L sin(g/2) as the separation between the centers of fo
for the interactions with the two mesogens, each might
expected to underestimate the change in the bend elastic
stant by as much as a factor of 2 or 3. We have confirm
that the large experimental change cannot be due to a ch
in the order parameter or other thermodynamic change in
system. It may be that these dopant molecules are s
ciently unusually shaped that they induce apprecia
changes in the local ordering of the liquid crystal. Certain
the change in solubility of the dopant when the system
comes nematic suggests that there is a large change in
allowed configurations of the dopant associated with t
phase change. This would be consistent with the V-sha
molecule inducing large, local changes in the ordering of
nematic. Such changes can not easily be reflected in
simple theories that we have advanced above or which h
been performed to date.

In summary, our experimental results demonstrate t
rigidly bent molecules can very significantly decrease
bend elastic constant in the nematic phase when diluted
an approximately linear, low-molecular-weight mesoge
Moreover, this change is much larger than our theoret
analysis would suggest, indicating both additional expe
mental work on similar molecules and more detailed theo
ical analysis are required, particularly a more exact treatm
of local interactions.
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